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Contemporary Mathematics
Compact Quantum Metric Spaces
Marc A. Rieffel
Abstract. We give a brief survey of many of the high-lights of our present
understanding of the young subject of quantum metric spaces, and of quantum
Gromov-Hausdorff distance between them. We include examples.
My interest in developing the theory of compact quantum metric spaces was
stimulated by certain statements in the high-energy physics and string-theory liter-
ature, concerning non-commutative spaces that converged to other (possibly non-
commutative) spaces. These statements appeared to me to deserve a more precise
formulation. (See the references in the introductions of [33] [34].) Here I will just
give a brief survey of some of the main developments in this very young subject. I
will also indicate some of the main classes of examples which have been explored so
far. I include a few related arguments which are not quite in place in the existing
literature.
1. The definition of compact quantum metric spaces
The concept of a quantum metric space has its origins in Connes’ paper [8]
of 1989 in which he first proposes using Dirac operators as the vehicle for metric
data in non-commutative geometry. He was motivated by his observation that for
a compact spin Riemannian manifold one can recover its smooth structure, its Rie-
mannian metric, and much else, directly from its standard Dirac operator. This led
him to the concept of a spectral triple, (A,H, D), consisting of a ∗-algebra A repre-
sented by bounded operators on a Hilbert space H, and of a (usually unbounded)
self-adjoint operator, D, on H such that the commutator [D, a] is a bounded opera-
tor for each a ∈ A. Connes also requires that D have compact resolvant. (Spectral
triples are very closely related to “unbounded K-cycles” or “unbounded Fredholm
modules”, the difference being that for spectral triples the representation of A must
be faithful.) Connes pointed out that from a spectral triple one obtains a metric,
ρD, on the state space, S(A), of A by means of the formula
ρD(µ, ν) = sup{|µ(a)− ν(a)| : ‖[D, a]‖ ≤ 1},
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where the value +∞ may occur. But he did not explore this metric much for
non-commutative algebras.
In [31] [32] I pointed out that, motivated by what happens for ordinary compact
metric spaces, it is natural to desire that the topology on S(A) determined by ρD
coincide with the weak-∗ topology. To be more specific about this motivation, let
(X, ρ) be an ordinary compact metric space. It is common to define a seminorm,
Lρ, the Lipschitz seminorm, on the algebra A = C(X) of continuous functions on
A, by
Lρ(f) = sup{|f(x)− f(y)|/ρ(x, y) : x 6= y},
where the value +∞ is permitted. The metric ρ can be recovered from Lρ by
ρ(x, y) = sup{|f(x)− f(y)| : Lρ(f) ≤ 1}.
Even more, Kantorovich [18] [19] used Lρ to define a metric on S(A), which now
is identified with the space of all probability measures on X , by
ρL(µ, ν) = sup{|µ(f)− ν(f)| : Lρ(f) ≤ 1}.
It is clear that ρL extends ρ from the set of point-measures to the set of all prob-
ability measures. Kantorovich showed, among other properties, that the topology
on S(A) from ρL coincides with the weak-∗ topology.
Since the data (C(X), Lρ) is equivalent to the data (X, ρ), we see that we have
reformulated the notion of a metric in terms of just the commutative C∗-algebra
C(X), by means of Lρ. It is then natural to try to formulate metric data for a non-
commutative unital C∗-algebra, A, by means of a suitable seminorm on A which
should play the role of Lρ. For Connes’ spectral triples the role of Lρ is played, in
effect, by L(a) = ‖[D, a]‖.
However, for technical flexibility it is useful to consider the more general situ-
ation in which A is just an order-unit space. The definition of an order-unit space
is due to Kadison [16], influenced by work of Stone. For our present purposes it
is sufficient to know that any order-unit space can be realized concretely (in many
ways) as a real linear space of self-adjoint operators on a Hilbert space, containing
the identity operator (the order unit), and equipped with the usual partial ordering
and norm on operators. An order-unit space A has a state-space, S(A), defined
just as for C∗-algebras. We can consider a seminorm, L, on an order-unit space,
and use it to define a metric, ρL, on S(A), much as above, by
ρL(µ, ν) = sup{|µ(a)− ν(a)| : L(a) ≤ 1}.
To be useful we need some conditions on L. As first condition, we require
for convenience that L(1) = 0 where 1 is the order-unit. This is well-motivated
by the case of ordinary metric spaces. But the main requirement which we make
is that the topology on S(A) from ρL should coincide with the weak-∗ topology.
This is motivated by the result of Kantorovich for ordinary metric spaces which we
mentioned above. We view the role of this requirement as follows. Given a compact
topological space X , there are plenty of metrics on X as a set, but when we say “a
metric on X” we nearly always also have in mind “whose topology coincides with
the given topology on X”. We consider the requirement that ρL give S(A) the
weak-∗ topology to be the analog of this idea for seminorms on order-unit spaces.
We can always restrict to the subspace on which L takes finite values. This
does not change ρL. (We do not require our order-unit spaces to be complete.)
Thus we make [33]:
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Definition 1.1. Let A be an order-unit space, and let L be a seminorm on A
taking finite values. We say that L is a Lip-norm if
1) L(1) = 0.
2) The topology on S(A) from ρL coincides with the weak-∗ topology.
By a compact quantum metric space we mean a pair (A,L) where A is an order-unit
space and L is a Lip-norm on A.
It is easily seen that condition 2 implies that if L(a) = 0 then a ∈ R1. If L
is actually a seminorm on a dense subalgebra of a unital C∗-algebra, A, or more
generally on a (complex) self-adjoint linear subspace of bounded operators, then
we require that L(a) = L(a∗) for all a ∈ A. Then a simple argument (in section 2
of [33]) shows that L, and the restriction of L to the order-unit space Asa of self-
adjoint elements of A, determine the same metric on S(A). We can then require
that either one gives S(A) the weak-∗ topology.
Aside from the motivation given by the case of ordinary metric spaces, it is
reasonable to ask why we care that ρL give S(A) the weak-∗ topology. The topic
of quantum metric spaces is still in its infancy, and it is far too soon to know what
demands new important examples will bring. At the moment the main answer to
this question which I have is that this requirement permits an effective notion of
Gromov–Hausdorff distance for compact quantum metric spaces. We will discuss
this in Section 5, followed by examples in Section 6.
2. Sources of examples
Of course, it is condition 2 in the definition of a Lip-norm which may be difficult
to verify in naturally occurring examples. It can be reformulated in terms of A itself
in the following way [31]. Let A˜ = A/C1, equipped with the corresponding quotient
norm ‖ · ‖∼.
Theorem 2.1. Let L be a seminorm on an order-unit space A such that L(1) =
0. Set B1 = {a ∈ A : L(a) ≤ 1}.
a) Then ρL gives S(A) finite diameter iff the image of B1 in A˜ is bounded.
b) And ρL gives S(A) the weak-∗ topology iff the image of B1 in A˜ is totally
bounded (for ‖ · ‖∼).
It can be shown by a somewhat unnatural construction [35] that every sepa-
rable order-unit space has an abundance of Lip-norms (finite on dense subspaces).
Certain other constructions are also known [35] [5] [1]. But most interesting con-
structions so far have come from actions of groups. In fact, we will eventually see
that in a certain sense all Lip-norms come from actions of Lie groups, and in fact
actions of R.
Let A be a unital C∗-algebra, let G be a locally compact group, and let α be a
strongly continuous action of G on A by automorphisms. To define a Lip-norm we
must somewhere put in metric data. We do this by choosing a continuous length-
function ℓ on G. This means that ℓ has values in R+, that ℓ(xy) ≤ ℓ(x)+ ℓ(y), that
ℓ(x−1) = ℓ(x), and that ℓ(x) = 0 iff x = e. Then we can define a seminorm, L, on
A by
L(a) = sup{‖αx(a)− a‖/ℓ(x) : x 6= e}.
It can be seen by a “smoothing argument” that {a : L(a) < ∞} is a dense ∗-
subalgebra of A if ℓ is a proper function. A proof of this for compact G is given in
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proposition 2.2 of [31]. But that proof can be easily modified to apply also to locally
compact groups if ℓ is proper, as follows. For each n let gn = (n
−1 − ℓ)+ ∈ Cc(G).
Let fn = cngn where cn is the positive constant such that ‖fn‖1 = 1. Then {fn} is
an approximate identity for L1(G), consisting of functions which are Lipschitz for
the right-invariant metric on G defined by ρ(x, y) = ℓ(xy−1). Simple calculations
then show that L(αfn(a)) <∞ for any a ∈ A, where αfn(a) =
∫
fn(x)αx(a)dx.
If we are to have that L(a) = 0 only when a ∈ C1, it is clear that α must be
ergodic, in the sense that the only elements of A which are invariant under α are
those in C1. It is shown in [31] that:
Theorem 2.2. If G is compact and α is ergodic, then L (restricted to Asa) is
a Lip-norm.
This easily fails if G is not compact.
If G is a Lie group, then we can consider the set A∞ of smooth elements of A
for the action α, that is, elements a ∈ A such that the function x 7→ αx(a) on G
is infinitely differentiable. Then A∞ is a dense ∗-subalgebra of A [4], and α gives
a representation (also denoted by α) of the Lie algebra, g, of G by derivations on
A∞. Given a ∈ A∞, we can define its differential, da, to be the operator from g
into A∞ defined by da(X) = αX(a) for X ∈ g. If we bring metric data into the
situation by choosing a norm on g, then the norm of da as an operator from g to A
is defined, and we can define a seminorm L on A∞ by L(a) = ‖da‖. If G is compact
then we can again show [31] that L is a Lip-norm, by reducing this situation to
that of Theorem 2.2.
In general, compact groups have many ergodic actions on unital C∗-algebras.
Here are three constructions.
1) If U is an irreducible unitary representation of a compact group G on a
Hilbert space H, then we can define an action, α, of G on A = B(H) by
αx(T ) = UxTU
∗
x . This action is ergodic.
2) If G is a compact Abelian group and if c is a 2-cocycle with values in T
on its (discrete) dual group Gˆ, then we can define [43] the twisted group
C∗-algebra A = C∗(Gˆ, c). There is a natural action, α, of G on A given
by αx(f)(γ) = 〈x, γ〉f(γ) for f ∈ ℓ
1(Gˆ) and γ ∈ Gˆ. This action (called
the “dual action”) is ergodic.
3) If H is a closed subgroup of G and if β is an action of H on a unital C∗-
algebra B, then we can form the induced C∗-algebra A, consisting of the
continuous B-valued functions F on G which satisfy the condition that
F (xs) = βs(F (x)) for x ∈ G and s ∈ H . The action α of left translation
by elements of G carries A into itself, and it is easily verified that if β is
ergodic then so is α.
We can then combine this inducing construction with the two previous constructions
to obtain many ergodic actions. But I do not know of other constructions of ergodic
actions of compact groups. For G Abelian the second and third constructions give
all ergodic actions [24]. But for non-Abelian compact groups there is no known
classification of the possible ergodic actions. For example, it seems still to be
unknown whether SU(4) has any ergodic actions other than those given by the
above constructions [41] [39] [40], and in particular, any ergodic actions on infinite-
dimensional unital C∗-algebras which are simple.
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Anyway, Theorem 2.2 combined with the above three constructions gives many
examples of compact quantum metric spaces. We note in particular that for the non-
commutative tori, Aθ, which come from the second construction described above,
the dual action is an action of Td. Thus any continuous length function on Td (of
which there is an abundance) gives Lip-norms on the Aθ’s. Here θ is a real d × d
skew-symmetric matrix, cθ is the bicharacter on Z
d defined by cθ(x, y) = e
2πi(x·θy),
and Aθ is [28] the twisted group C
∗-algebra C∗(Zd, cθ).
When G is not compact, one will need stronger conditions on α in order to
obtain a Lip-norm, but this direction has barely been explored. I know of only two
relevant papers, both of which deal with the action of the Heisenberg Lie group on
the non-commutative Heisenberg manifolds [27]. In the first, by Weaver [42], the
metric structures come from sub-Riemannian metrics, and so it does not quite fit
into the above framework. The second, by Chakraborty [6], uses a Lip-norm which
is not defined in terms of the operator norm, so again does not fit exactly into
the above framework. Thus it is still unclear what happens for non-commutative
Heisenberg manifolds within our present framework.
We find further examples of compact quantum metric spaces by a simple ap-
plication of Theorem 2.1b to obtain:
Proposition 2.3. Let L be a Lip-norm on an order-unit space A, and let B
be a subspace of A which contains the order unit (so that B is an order-unit space).
Then the restriction of L to B is a Lip-norm.
In particular, if A is (the self-adjoint part of) a dense ∗-subalgebra of a unital
C∗-algebra, and if B is a unital ∗-subalgebra of A, then any Lip-norm on A restricts
to a Lip-norm on B. When used in conjunction with Theorem 2.2 this gives many
more examples of compact quantum metric spaces. We will only describe one
specific class of examples here. Let Aθ be the non-commutative 2-torus with unitary
generators U and V satisfying the relation V U = e2πiθUV for some real number
θ. As mentioned above, there is a natural ergodic action α of T2 on Aθ, the dual
action. For any continuous length function on T2 we obtain a Lip-norm L on Aθ
by using α. The algebraic ∗-subalgebra, Afθ , generated by U and V is carried into
itself by α, and L is finite on Afθ . There is a (unique) involutory automorphism,
β, of Aθ determined by β(U) = U
−1 and β(V ) = V −1. Thus the 2-element group
acts on Aθ, and carries A
f
θ into itself. Let Bθ be the fixed point algebra of this
automorphism. Then Bθ is not carried into itself by α, so that we can not apply
Theorem 2.2 directly to Bθ. But Bθ∩A
f
θ is easily seen to be a dense ∗-subalgebra of
Bθ, and the restriction of L to Bθ ∩A
f
θ will be a Lip-norm by Proposition 2.3. Now
the Bθ’s were extensively studied by Bratteli, Elliott, Evans and Kishimoto, under
the name “non-commutative spheres”. Bratteli and Kishimoto showed [3] that Bθ
is actually an AF C∗-algebra when θ is irrational. So we have obtained in this way
some fairly natural and interesting examples of Lip-norms on AF C∗-algebras.
Another interesting class of examples of Lip-norms on AF C∗-algebras is stud-
ied in [21], in connection with the development of a notion of “dimension” for
compact quantum metric spaces, and a notion of entropy for automorphisms of
(C∗-algebraic) compact quantum metric spaces. Also among the examples to which
this notion of entropy is applied are automorphisms of non-commutative tori.
6 MARC A. RIEFFEL
3. Dirac operators
Let G be a Lie group, not necessarily compact, and let β be an action of G on
a unital C∗-algebra B. For a given continuous length function on G we can define
a seminorm, L, on B as before. But now we will not assume that β is ergodic,
and so we may have a large subalgebra of B on which L takes value 0. It may
nevertheless happen that for suitable unital ∗-subalgebras A (or even order-unit
subspaces) of B, which are not carried into themselves by β, the restriction of L to
A is a Lip-norm.
Actually, up to now the only situation that I know of in which this possibility
has been used is that in which we have a (strongly-continuous) unitary represen-
tation U of G on a possibly infinite-dimensional Hilbert space H. Then, much
as in the first construction of Section 2 we define an action, β, of G on B(H) by
βx(T ) = UxTU
∗
x . In general this action will not be strongly continuous. We let
B (= Bβ) be the largest subalgebra of B(H) on which β is strongly continuous.
(Then B is weak-operator dense in B(H) by lemma 7.5.1 of [26].) Furthermore, B
is carried into itself by β. Thus we can use (B, β) as in the previous paragraph, and
ask, for any given unital C∗-subalgebra A of B (or any order-unit subspace of B)
whether the restriction to A of a seminorm on B coming from a continuous length
function on G is a Lip-norm.
But actually, up to now, the only situation that I know of in which this possibil-
ity has been used is that in which G = R, with its usual length function. This is the
very important case of Connes’ Dirac operators. Any strongly continuous unitary
representation U of R has an infinitesimal generator, which we will denote here by
D, and which is a (usually unbounded) self-adjoint operator on H. By means of
the functional calculus for unbounded self-adjoint operators we have Ut = e
itD for
t ∈ R. Let β be defined in terms of U as above, and let Bβ be the C
∗-subalgebra
of B(H) on which β is strongly continuous. Let T ∈ Bβ, and assume further that
t 7→ βt(T ) is once differentiable for the operator norm. Just from the definition of
D being the infinitesimal generator of U it follows easily that T carries the domain
of D into itself and that [D,T ] is bounded on that domain and so extends to a
bounded operator on H. Conversely, if T carries the domain of D into itself and
if [D,T ] is bounded, then T is in Bβ . (See the first line of the proof of corollary
10.16 of [14].)
If t 7→ βt(T ) is twice differentiable, so that t 7→ βt([D,T ]) is differentiable, then
[D,T ] ∈ Bβ , and the main calculation in the proof of corollary 10.16 of [14] shows
that the derivative of t 7→ βt(T ) at t = 0 is [D,T ]. (We remark that it can be
useful, more generally, to use the fact that B(H) is a von Neumann algebra so that
the weak operator topology is available. We can then just ask that derivatives exist
for the weak operator topology. See in particular proposition 3.2.53 of [4]. But we
will not pursue this aspect here.)
Lemma 3.1. Suppose that t 7→ βt(T ) is twice differentiable as above. Then
‖[D,T ]‖ = sup{‖βt(T )− T ‖/|t| : t 6= 0}.
Proof. From the remarks above it follows that the derivative of t 7→ βt(T ) is
t 7→ βt([D,T ]), and that this derivative is norm-continuous. Thus
βt(T )− T =
∫ t
0
βs([D,T ])ds,
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and so ‖βt(T ) − T ‖ ≤ |t|‖[D,T ]‖. This gives inequality in one direction. But for
any ǫ > 0 we can find t > 0 close enough to 0 that ‖βs([D,T ]) − [D,T ]‖ < ǫ for
0 ≤ s ≤ t. Then from the above integral we obtain
‖βt(T )− T ‖ ≥ t(‖[D,T ]‖ − ǫ),
which yields the reverse inequality. 
Again, one can extend the above lemma by using the weak operator topology.
But for many purposes one wants to deal just with elements which are at least
twice differentiable—see the discussion of regular tuples in section 10.3 of [14].
We can now relate our earlier construction of seminorms by means of length
functions to that in terms of “Dirac” operators as follows, where the length function
on R is the usual one, ℓ(t) = |t|.
Proposition 3.2. Let D and Bβ be as above. Let A be a unital ∗-subalgebra
of Bβ such that for any a ∈ A both [D, a] and [D, [D, a]] are bounded. Then the
seminorms on A defined by
L(a) = ‖[D, a]‖
and
L(a) = sup{‖βt(a)− a‖/|t| : t 6= 0}
coincide.
In this setting we can thus again ask whether the seminorm L gives S(A) the
weak-∗ topology. Usually it will not. For example, if all of the elements of A
commute with D then L ≡ 0. But there are some quite interesting situations for
which it is known that the answer is affirmative. We give four classes of examples.
Example 3.3. This first example is the source of the whole topic, namely the
ordinary Dirac operator for a compact spin Riemannian manifold M , and Connes’
observation that one recovers the ordinary metric on M from the Dirac operator.
More precisely, if f ∈ C∞(M) and if f is viewed as an operator by “pointwise
multiplication” on the spinor bundle with its Hilbert space structure, then Connes
shows that ‖[D, f ]‖ coincides with the usual Lipschitz seminorm of f from the or-
dinary metric. We remark that the Dirac operator is usually defined for a Spinc
manifold, because these are the ones which have a spinor bundle. But if one is only
interested in the smooth structures and ordinary metric of a Riemannian manifold
(from which the Riemannian metric can be recovered), and if the homological infor-
mation which the Dirac operator contains is not so important, then one can treat
any compact Riemannian manifold. One simply replaces the spinor bundle (which
won’t exist if the manifold is not Spinc) with the Clifford algebra bundle itself
equipped with a continuous choice of faithful tracial states so as to give a Hilbert
space structure to the space of cross sections. Then one uses the corresponding left
regular representation of the Clifford algebra bundle. The corresponding Dirac-like
operator will again give the smooth structure and the usual Lipschitz norm for each
f ∈ C∞(M).
Example 3.4. The type of construction used above is also used in our second
class of examples, which involves the situation considered right after Theorem 2.2
consisting of a compact Lie group G acting ergodically on a unital C∗-algebra
A. If we put an arbitrary inner-product on the Lie algebra g of G, and form the
corresponding Clifford algebra, then the usual construction of a Dirac operator
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can be imitated to give a Hilbert space H, an operator D on it, and a faithful
representation of A on H. It is shown in [31] that the corresponding seminorm on
A is a Lip-norm.
Example 3.5. This class of examples concerns the θ-deformed spheres and
manifolds of Connes, Landi and Dubois–Violette [12] [10] [9] [11] [22]. These can
be constructed whenever one has an action of the d-dimensional torus Td, d ≥ 2,
on any compact manifold M . For any skew-symmetric real d × d matrix θ one
considers the corresponding non-commutative torus Aθ with its dual action of T
d
which we mentioned earlier. Then Td has a diagonal action on C(M) ⊗ Aθ, and
we let Mθ be the fixed-point subalgebra for this diagonal action. This construction
is a reformulation, for the special case of actions of Td, of the general deformation
quantization construction for actions of Rd described in [30]. This reformulation
is also discussed in [37] [36], and the relation with the quantum groups of [29] is
discussed in [37].
Connes and Landi [12] [11] show that when M is a spin Riemannian manifold,
and when the action α is smooth, leaves the Riemannian metric invariant, and lifts
to the spin bundle, then there is a natural Dirac operator for Mθ. Hanfeng Li
shows in his doctoral thesis [22] that the seminorm onMθ obtained from this Dirac
operator is a Lip-norm.
Example 3.6. This class of examples returns to the main example in Connes’
first paper on this subject [8]. We now let G be a discrete group, and consider its
reduced C∗-algebra C∗r (G) acting on ℓ
2(G). Let ℓ be a length function on G. We
take as our Dirac operator the operator D = Mℓ of pointwise multiplication by ℓ
on ℓ2(G). It is easily seen [8] that for any f ∈ Cc(G), viewed as an operator in
C∗r (G), the operator [D, f ] is bounded. Thus again we can ask if the seminorm
L(f) = ‖[D, f ]‖ is a Lip-norm. An affirmative answer is now known for two classes
of groups. In [35] it is shown that if G = Zd and if ℓ is either a word-length function
or the restriction to G of a norm on Rd, then the answer is affirmative. (The proof
of this requires a substantial and interesting development, involving, among things,
boundaries for non-compact metric spaces.) In [25] (and see also [1]) it is shown,
by means of techniques which are entirely different from those used in [35], that
the answer is affirmative if G is a hyperbolic group and ℓ is a word-length function,
as well as for certain reduced free-product C∗-algebras. The techniques involve
filtered C∗-algebras and Dirac operators determined by filtrations. They do not
apply to the case of G = Zd. It would be interesting to find a unified proof for the
two cases.
There is ample opportunity to discover additional natural examples of com-
pact quantum metric spaces. And there are many further aspects to explore. For
example, what are the isometry groups [33] of the above examples? What about
quantum isometry groups [38] [2]? What is the analog of a continuous length func-
tion for a compact quantum group, such that it defines Lip-norms on quantum
spaces on which the quantum group acts?
4. Universality of the Dirac approach
Although the Dirac operator construction appears fairly special, we now show
that in fact every compact quantum metric space can be obtained from the Dirac
operator approach (though this may not be the most useful presentation). We
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should make clear now that by this point the term “Dirac operator” does not refer
to any special kind of self-adjoint operator, but rather to how a self-adjoint operator
is being used, namely to provide metric data by means of its commutant with the
elements of the algebra (or order-unit space) which specifies the “space” being
metrized.
We begin by considering ordinary compact metric spaces (X, ρ). Let Z =
{(x, y) ∈ X ×X : x 6= y}. Choose any positive measure on X whose support is all
of X , and let ω be the restriction to Z of the square of this measure on X × X .
Let A = C(X), acting on L2(Z, ω) by (fξ)(x, y) = f(x)ξ(x, y). This is a faithful
representation. Let D be the operator on L2(Z, ω) defined by
(Dξ)(x, y) = ξ(y, x)/ρ(y, x),
for those ξ for which Dξ ∈ L2(Z, ω). Some simple calculations [33] show that [D, f ]
is a bounded operator exactly if f is a Lipschitz function for ρ, and that in this
case ‖[D, f ]‖ is exactly the Lipschitz constant of f . Thus we can recover ρ from D.
For the ordinary Dirac operator of a compact Riemannian manifold it is an im-
portant fact that it has compact resolvant, that is, the Hilbert space has a basis con-
sisting of eigenvectors, the eigensubspaces have finite dimensions, and any bounded
interval of R contains only a finite number of eigenvalues. This led Connes to re-
quire this property of a Dirac operator in his definition of a spectral triple. Connes
shows that many wonderful properties come from the hypothesis of compact re-
solvant (such as the existence of a “volume” if the spectral triple is “p-summable”).
In other examples the compact resolvant property seems tied to having some kind
of differential structure on X . The operator D constructed earlier for a general
compact metric space will usually not have compact resolvant. Thus we are led to:
Problem 4.1. Characterize those compact metric spaces for which there is a
spectral triple (for which D has compact resolvant) which gives their metric. When
can the spectral triple be chosen to be p-summable for some p? How does one
characterize the minimal p?
We now turn to the non-commutative case, or more generally the order-unit
case. Let L be a Lip-norm on an order-unit space A. Then (S(A), ρL) is an ordinary
compact metric space, and so, as above, there is a representation of C(S(A)) on a
Hilbert space H and a self-adjoint operator D on H which gives ρL. But there is a
canonical inclusion of A into C(S(A)) given by aˆ(µ) = µ(a) for a ∈ A and µ ∈ S(A).
(When A is a C∗-algebra, this inclusion is not an algebra homomorphism.) Under
this inclusion elements of a are carried to functions which are Lipschitz for ρL with
Lipschitz constant L(a). On composing this inclusion with the representation of
C(S(A)) on H we obtain a faithful representation of A preserving the order unit
structure. Furthermore, L(a) = ‖[D, a]‖ for every a ∈ A.
Problem 4.2. For the case of C∗-algebras A characterize those Lip-norms
which come from triples (A,H, D), where we do not require that D have compact
resolvant, but we do require that the representation of A on H is a unital ∗-algebra
homomorphism.
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5. Gromov–Hausdorff distance
Let (Z, ρ) be an ordinary compact metric space. For a subset Y of Z and a
positive real number r define the open r-neighborhood, N ρr (Y ), of Y by
N ρr (Y ) = {z ∈ Z : there is a y ∈ Y with ρ(z, y) < r}.
Hausdorff defined the distance, distρH(X,Y ), between two closed subsets X and Y
of Z by
distρH(X,Y ) = inf{r : Y ⊆ N
ρ
r (X) and X ⊆ N
ρ
r (Y )}.
This defines an ordinary metric on the set of closed subsets of Z, for which this set
is compact.
Gromov generalized this notion of distance to one between any two compact
metric spaces. (See [15].) His notion is now called Gromov–Hausdorff distance.
Let (X, ρX) and (Y, ρY ) be two compact metric spaces. The Gromov–Hausdorff
distance between them, denoted by distGH(X,Y ), is defined as follows. Let X∪˙Y
denote the disjoint union of X and Y . Let M(ρX , ρY ) be the set of all metrics on
the compact set X∪˙Y whose restrictions to X and Y are ρX and ρY respectively.
Then set
distGH(X,Y ) = inf{dist
ρ
H(X,Y ) : ρ ∈M(ρX , ρY )}.
For simplicity of notation we are not explicitly indicating the metrics ρX and ρY
on the left-hand side.
There is by now a large and rich literature concerning the Gromov-Hausdorff
limits of compact Riemannian manifolds and related spaces. As just one example,
but one in which the role of Dirac operators is prominent, and which might suggest
phenomena worth investigating in the non-commutative setting, we mention [23].
We want to define a corresponding notion of Gromov–Hausdorff distance be-
tween compact quantum metric spaces [33]. Thus let (A,LA) and (B,LB) be com-
pact quantum metric spaces. We form the order-unit space A⊕B, and consider its
canonical projections πA and πB onto A and B, respectively. We let M(LA, LB)
be the set of all Lip-norms L on A⊕B whose quotient seminorms on A and B are
LA and LB, respectively. This means that for each a ∈ A we have
LA(a) = inf{L((a, b)) : b ∈ B},
and similarly for LB. There are evident canonical injections of S(A) and S(B) into
S(A⊕B). Through these injections we will simply view S(A) and S(B) as closed
subsets of S(A⊕B). From the requirement that LA is the quotient of L it follows
(proposition 3.1 of [33]) that the restriction of ρL to S(A) coincides with ρLA , and
similarly for B. Thus it is reasonable to define the distance between (A,LA) and
(B,LB), which we denote by distq(A,B), by
distq(A,B) = inf{dist
ρL
H (S(A), S(B)) : L ∈M(LA, LB)}.
For this to be well-defined and to work smoothly it is essential that the metrics
from our Lip-norms give the state spaces the weak-∗ topology, for which the state
spaces are compact. This is an important reason for our emphasis in the earlier
sections of this paper on proving that the seminorms we consider do give metrics
whose topology is the weak-∗ topology.
An important and non-obvious theorem concerning ordinary Gromov–Hausdorff
distance is that if the Gromov–Hausdorff distance between two compact metric
spaces is 0 then the two metric spaces are isometric [15]. Thus Gromov–Hausdorff
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distance is actually a metric on the set of isometry-classes of compact metric spaces.
A similar result holds for our quantum Gromov–Hausdorff distance (theorem 7.8
of [33]), but for this purpose the order-unit spaces of our compact quantum metric
spaces must be suitably completed with respect to their Lip-norm, so that isome-
tries which should exist will have a place to land. (The isometries form a compact
group in a natural way [33].)
However, a defect of the present theory is that two C∗-algebras can have self-
adjoint parts which are isomorphic as order-unit spaces, while the algebras them-
selves are not isomorphic. This will happen, for example, for those C∗-algebras
which are not isomorphic to their opposite algebra. Thus two C∗-algebras equipped
with Lip-norms can be of distance 0 from each other without the algebras being
isomorphic.
One way of avoiding this defect has been developed by Li [22]. He defines for
C∗-algebras a variant of our quantum Gromov–Hausdorff distance which explicitly
uses the product in the C∗-algebras. (Thus it has no counterpart for order-unit
spaces.) Li shows that his variant has many favorable properties, and that it applies
to examples of the types which we discuss in the next section. Underlying Li’s
variant is another variant which does apply to order-unit spaces, and which he calls
“order-unit space quantum Gromov-Hausdorff distance”. It involves looking at the
Gromov-Hausdorff distance between sets like L1 = {a ∈ A : L(a) ≤ 1 and ‖a‖ ≤ 1}
(which are pre-compact, as follows from Theorem 2.1) in the order-unit space itself,
rather than using the state spaces. Li shows that this variant has some substantial
technical advantages, for example in understanding when a continuous field of C∗-
algebras, equipped with Lip-norms in a continuous way, will be continuous for
Gromov-Hausdorff distance.
In section 7 we will discuss another way, due to Kerr [20], of avoiding the
defect. It involves using operator systems and their matricial norms.
The set of isometry classes of compact quantum metric spaces, equipped with
distq, is a complete metric space (theorem 12.11 of [33]). There is also a natural
analog of a useful theorem of Gromov describing the totally bounded subsets of this
metric space, in terms the number of ǫ-balls needed to cover S(A) for the various
A’s in such a subset (theorem 13.5 of [33]).
If (X, ρ) is an ordinary compact metric space, and if AX is the algebra of
real-valued Lipschitz functions on X , then (AX , Lρ) is a compact quantum metric
space. If (X, ρX) and (Y, ρY ) are compact metric spaces, then one can show that
distq(AX , AY ) ≤ distGH(X,Y ). But equality may fail. A simple explicit example of
this failure was found by Hanfeng Li. (See appendix 1 of [33].) This can be viewed
as a defect in the theory. But its origin is not difficult to understand. For ordinary
Gromov–Hausdorff distance one is asking, in effect, that X and Y be combined into
a metric space in such a way that the pure states of C(X) are close to the pure
states of C(Y ) (and the other way around); whereas for distq one is asking only
that each pure state of X be close to some state of Y , not necessarily a pure state.
For non-commutative C∗-algebras it is known that the set of pure states need not
be closed, and can be a somewhat bad set, often fairly inaccessible. Thus it is
not clear how to develop a useful theory in which one requires pure states of one
algebra to be close to pure states of the other. On the other hand, for any faithful
representation of a C∗-algebra the finite convex combinations of vector states will
be dense in the state space, and so provide an accessible set of states which can
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serve well for the theory that we have developed. (Note also that for a simple
unital infinite dimensional C∗-algebra A the closure of the set of pure states is all
of S(A).)
6. Examples of quantum Gromov-Hausdorff convergence
For two given ordinary compact metric spaces it is seldom possible to calculate
the Gromov–Hausdorff distance between them precisely. What has been found
useful in a number of situations is to calculate upper bounds for the distance.
(Lower bounds seem much harder to obtain.) Then one can try to verify that
certain sequences of compact metric spaces converge to a given space (or form
Cauchy sequences, which must have limit spaces).
The above comments apply equally well for quantum Gromov–Hausdorff dis-
tance. There are now three interesting classes of examples where convergence has
been established.
Example 6.1. For a fixed integer d consider the non-commutative tori Aθ
discussed in Section 2, where θ ranges over real d × d skew-symmetric matrices.
We have the dual action of Td on each Aθ as discussed earlier. Fix a continuous
length function on Td, and for each θ let Lθ be the corresponding Lip-norm on
Aθ according to Theorem 2.2. Then in [33] it is shown that if a sequence {θn}
of matrices converges to a matrix θ, then the sequence (Aθn , Lθn) converges to
(Aθ, Lθ) for quantum Gromov–Hausdorff distance. In other words, the mapping
from matrices θ to quantum metric spaces (Aθ, Lθ) is continuous for the usual
topology on the set of matrices and for quantum Gromov–Hausdorff distance.
Example 6.2. This example works for any compact semisimple Lie group when
suitably rephrased [34], but for simplicity of exposition we describe it only for
G = SU(2). Fix a continuous length function on SU(2). Let A = C(S2), for S2
the two-sphere, and consider the usual action of SU(2) on A through the homo-
morphism from SU(2) to SO(3) and the action of SO(3) on S2. This action on A
is ergodic. Equip A with the corresponding Lip-norm as in Theorem 2.2. For each
n let (Un,Hn) be the irreducible representation of SU(2) of dimension n, and let
An = B(Hn), equipped with the ergodic action consisting of conjugating by Un, as
described in Section 2. (Thus An is a full matrix algebra.) Then equip each An with
the corresponding Lip-norm, Ln. In [34] it is shown that the sequence {(An, Ln)}
converges to {(A,L)} for quantum Gromov–Hausdorff distance. The proof involves
Berezin symbols, which are closely related to coherent states. This example gives a
possible precise meaning to statements occurring in places in the theoretical physics
literature to the effect that a sequence of matrix algebras converges to the sphere
(or some related space). See [34] for references.
Example 6.3. Let the Mθ’s be as in Section 4, for a fixed spin Riemannian
manifold M with action of Td, and varying θ’s. For each θ let Lθ be the Lip-norm
on Mθ coming from the Dirac operator. Hanfeng Li shows in [22] that, much as in
Example 6.1 above, if {θn} is a sequence of matrices which converges to a matrix
θ, then the sequence {(Mθn , Lθn)} converges to (Mθ, Lθ) for quantum Gromov–
Hausdorff distance.
Clearly we are still near the beginning in producing examples of quantum
Gromov–Hausdorff convergence. But the literature of high-energy physics and
COMPACT QUANTUM METRIC SPACES 13
string theory suggests a variety of possible examples. See the introduction of [33]
for a number of references. Furthermore, the consequences of convergence are essen-
tially unexplored in the non-commutative case, but the discussion of “degeneration
of Riemannian manifolds” in the literature on classical Riemannian manifolds (see
references in [33], and, in particular, [23]) suggests many interesting questions
concerning the non-commutative case.
7. Matricial quantum Gromov–Hausdorff distance
A matricial version of quantum Gromov–Hausdorff distance has been developed
by David Kerr [20]. For a variety of reasons it is natural to seek such a version,
but one benefit of it is that it provides one way to repair the defect of quantum
Gromov–Hausdorff distance mentioned in Section 5, namely that two unital C∗-
algebras equipped with Lip-norms can have distance 0 yet not be isomorphic.
The setting is that of operator systems [13]. An operator system is a self-adjoint
subspace of bounded operators on a Hilbert space which contains the identity op-
erator. (Equivalently, it can be a corresponding subspace of a unital C∗-algebra.)
The self-adjoint part of an operator system is an order-unit space. But the crucial
difference is that now one is dealing with an order-unit space which has a specific
choice of representation as operators on a Hilbert space (or in a unital C∗-algebra).
The essential feature of this situation is that if A is an operator system, and if
Mm(A) denotes the linear space of m ×m matrices with entries in A for each m,
then there is a canonical operator norm and partial order on Mm(A) coming from
viewing the matrices as operators on the sum of m copies of the Hilbert space.
Different (isometric) representations of an order-unit space can give quite different
operator norms and partial orders on Mm(A) for m ≥ 2, and thus give distinct
operator systems.
If A and B are operator systems and if ϕ is a linear map from A to B, then we
define the corresponding mapMm(ϕ) fromMm(A) toMm(B) by (Mm(ϕ))((aij)) =
(ϕ(aij)). We say that ϕ is m-positive if Mm(ϕ) is positive, and that ϕ is completely
positive if Mm(ϕ) is positive for all m.
Now let Mn =Mn(C) have its canonical matricial structure from its represen-
tation on Cn. We let UCPn(A) denote the set of unital completely positive maps
from A into Mn. This is the n-th matricial state space of A. It has the evident
point-norm topology, for which it is compact. Notice that S(A) = UCP1(A).
Now let L be a Lip-norm on (the self-adjoint part of) A. Then for each n we
can define a metric, ρL,n, on UCPn(A) by
ρL,n(ϕ, ψ) = sup{‖ϕ(a)− ψ(a)‖ : L(a) ≤ 1}.
Kerr shows that because L is a Lip-norm the topology from ρL,n on UCPn(A)
coincides with the point-norm topology. If Φ : A→ B is a unital completely positive
map from A onto an operator system B, then UCPn(B) embeds into UCPn(A)
for each n by composition with Φ. Kerr shows that each of these embeddings is
isometric when UCPn(B) is equipped with the metric from the quotient on B of
L.
The pieces are then in place to imitate the definition of quantum Gromov–
Hausdorff distance.
Definition 7.1. (definition 3.2 of [20].) Let (A,LA) and (B,LB) be Lip-
normed operator systems. For each n we define the n-distance, distns (A,B), between
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(A,LA) and (B,LB) by
distns (A,B) = inf{dist
ρL,n
H (UCPn(A), UCPn(B)) : L ∈M(LA, LB)}.
If m > n then distms (A,B) ≥ dist
n
s (A,B) (by lemma 4.10 of [20]), and we define
the complete distance, dists(A,B) by
dists(A,B) = sup
n
{distns (A,B)}.
Kerr shows that these distances satisfy the triangle inequality. Furthermore,
he shows that if distns (A,B) = 0 for some n, then there is an isometric n-order
isomorphism between A and B. For C∗-algebras A and B a 2-order isomorphism
will be a ∗-algebra isomorphism (because by corollary 5 of [17] a unital order
isomorphism Ψ will satisfy Ψ(a2) = (Ψ(a))2 for self-adjoint a ∈ A, and Choi shows
(corollary 3.2 of [7]) that if Ψ has this latter property and is also 2-positive, then
Ψ is a *-algebra homomorphism). Thus:
Theorem 7.2. Let A and B be unital C∗-algebras equipped with Lip-norms LA
and LB. If dist
2
s(A,B) = 0 then there is an isometric ∗-algebra isomorphism of A
upon B (which carries LA to LB).
Kerr shows that the continuity of quantum Gromov–Hausdorff distance for non-
commutative tori as described in Example 6.1, and for matrix algebras converging
to the sphere (and other coadjoint orbits) as described in Example 6.2, carries over
to complete quantum Gromov–Hausdorff distance.
Kerr also provides interesting matricial versions of the theorem on the com-
pleteness of the space of isometry classes of compact quantum metric spaces, and
of the characterization of totally bounded subsets of that space.
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